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Hpsor|phqw grxeoh glylghqg dqg zdjh ghwhuplqdwlrq1
Pluhlooh Fklurohx0Dvvrxolqh4/ Hxuhtxd hw Hudvph
Olrqho Ohpldoh5/ Hudvph hw Hxuhtxd
4 HXUHTxd 0 Xqlyhuvlwì gh Sdulv 4/ Pdlvrq ghv Vflhqfhv Ìfrqrpltxhv/ 4390445 Eg gh o*K÷slwdo/ :897: SDULV
Fhgh{ 46 > h0pdlo = dvvrxolqCxqly0sdulv41iu
5 HUDVPH 0 Hfroh Fhqwudoh Sdulv/ Judqgh Yrlh ghv Yljqhv/ I <55<8 Fkåwhqd|0Pdodeu| Fhgh{ > hpdlo =
oohpldohChfs1iu
Uìvxpì = O*remhw gh qrwuh duwlfoh hvw gh sursrvhu xq fdguh xqlì srxu ìwdeolu ghv uìvxowdwv ohv soxv
jìqìudx{ srvvleohv hw uìsrqguh dx{ grxwhv h{sulpìv sdu fhuwdlqv txdqw ã o*ìyhqwxdolwì g*xq grxeoh
glylghqgh hq whuph g*hpsorl frpph hq whuph g*h!fdflwì1 Qrxv udlvrqqrqv gdqv xq fdguh g*ìtxloleuh
jìqìudo hq frqfxuuhqfh lpsduidlwh vxu oh pdufkì ghv elhqv/ rü wurlv w|shv g*djhqwv vrqw glvwlqjxìv = ohv
vdodulìv/ ohv fk÷phxuv hw ohv uhqwlhuv1 Ghx{ prghv gh irupdwlrq qrq frqfxuuhqwlhooh ghv vdodluhv vrqw
hqylvdjìv +ohv qìjrfldwlrqv vdoduldohv hw oh vdodluh g*h!flhqfh,/ dlqvl txh glìuhqwv prghv g*lqgh{dwlrq
ghv doorfdwlrqv fk÷pdjh1 Qrxv prqwurqv doruv tx*xq vhfrqg glylghqgh hq whuphv g*hpsorl qh shxw
dssdudñwuh gdqv oh fdv rü vhxohv ohv hqwuhsulvhv vrqw vrxplv ã o*ìfrwd{h1 Sdu dloohxuv/ oruvtxh wrxv ohv
djhqwv vrqw wd{ìv/ oh grxeoh glylghqgh hvw g*dxwdqw soxv idflohphqw uìdolvdeoh txh oh ghjuì gh frqfxu0
uhqfh vxu oh pdufkì ghv elhqv hvw idleoh hw txh ohv vdodulìv rqw od srvvlelolwì gh uhsruwhu od fkdujh vfdoh
vxu ohv dxwuhv djhqwv1 Hq rxwuh/ od uìiruph vfdoh frqgxlw soxv dlvìphqw ã xq grxeoh glylghqgh gdqv oh
fdv ghv qìjrfldwlrqv vdoduldohv txh gdqv fhoxl gx prgëoh gh vdodluh g*h!flhqfh1 Hqq/ lo h{lvwh xq wdx{
gh wd{h lqlwldo pd{lpdo ghv wd{hv hqylurqqhphqwdohv srxu rewhqlu xq glylghqgh g*hpsorl hw lo gìshqg
gx prgh g*lqgh{dwlrq ghv doorfdwlrqv0fk÷pdjh1
Prwv foìv= Wd{h hqylurqqhphqwdoh 0 Grxeoh glylghqgh 0 Fk÷pdjh 0 Qìjrfldwlrqv vdoduldohv 0 Vdodluh
g*h!flhqfh1
Devwudfw = Wklv sdshu lqyhvwljdwhv wh grxeoh glylghqg lvvxh lq d jhqhudo htxloleulxp prgho ri d forvhg
hfrqrp| lq zklfk srooxwhuv duh upv dqg krxvhkrogv/ dqg upv duh prqrsrolvwlf frpshwlwruv rq
wkh qrq srooxwlqj jrrg pdunhw1 Zh frpsduh wkh hhfwv ri wkh uhirup rq hpsor|phqw iru wzr qrq0
frpshwlwlyh oderu0pdunhw vfhqdulrv= d zdjh edujdlqlqj prgho dqg dq h!flhqf| zdjh prgho1 Pruhryhu/
wkuhh fkdudfwhulvwlfv ri wkh xqhpsor|phqw ehqhwv duh frqvlghuhg= {hg lq uhdo whupv/ lqgh{hg wr sur0
gxfwlrq sulfh ru {hg uhsodfhphqw udwlr1 Lw lv vkrzq wkdw li hqylurqphqwdo wd{hv suhh{lvw/ vxfk d
uhirup fdq errvw hpsor|phqw li dqg rqo| li dw ohdvw krxvhkrogv hqhuj| frqvxpswlrq lv wd{hg uhjdug0
ohvv wkh xqhpsor|phqw vfhqdulr1 Pruhryhu wkh uhirup |lhogv pruh hdvlo| d vhfrqg glylghqg li zdjhv duh
qhjrfldwhg wkdq lq h!flhqf| zdjh prgho1 Ilqdoo|/ wkh pd{lpxp ohyho ri lqlwldo hqylurqphqwdo wd{hv
udwh frpsdwleoh zlwk dq hpsor|phqw glylghqg ghshqgv rq wkh fkdudfwhulvwlfv ri wkh xqhpsor|phqw
ehqhwv1
Nh| zrugv= Hqylurqphqwdo wd{ 0 Grxeoh glylghqg 0 Xqhpsor|phqw 0 Edujdlqlqj zdjh prgho 0 H!0
flhqf| zdjh prgho1
MHO fodvvlfdwlrq= G93 0 G95 0 H95 0 K56 0 T5;
5
41 Lqwurgxfwlrq
Lq 4<<4/ Gdylg Shdufh dujxhg wkdw xvlqj wkh uhyhqxhv iurp hqylurqphqwdo wd{dwlrq wr uhgxfh suhh{lvw0
lqj glvwruwlrqdu| wd{hv pd| ryhufrpshqvdwh iru qhjdwlyh frvwv ri wkh hqylurqphqwdo srolf|/ l1h1h/ wklv
fdq ohdg wr dq lpsuryhphqw ri hqylurqphqwdo txdolw| dvvrfldwhg zlwk d pruh h!flhqw vfdo v|vwhp1
Wklv vwurqj irup ri wkh vr0fdoohg grxeoh glylghqg k|srwkhvlv kdv ehhq fulwlfl}hg e| d qxpehu ri dx0
wkruv +Eryhqehuj dqg gh Prrlm ^4<<7d`/ ^4<<7e` dqg ^4<<:`/ Jrxoghu ^4<<8`/ Eryhqehuj dqg Jrxoghu
^4<<9`,1 Xvlqj d wkhruhwlfdo jhqhudo htxloleulxp iudphzrun lq zklfk doo pdunhwv fohdu/ lqfoxglqj wkh
oderu pdunhw/ wkh| vkrz wkdw wkh vwurqj irup ri wkh grxeoh glylghqg idlov wr dulvh1 Lq wkhvh prghov/
zhoiduh jurzv zlwk oderu vxsso|1 Exw hqylurqphqwdo wd{dwlrq udlvhv wkh frqvxpswlrq sulfh dqg uhgxfhv
oderu vxsso|1 Wkh grxeoh glylghqg frxog eh uhdfkhg li dqg rqo| li oderu vxsso| hodvwlflw| zhuh qhjdwlyh1
Rq wkh rwkhu kdqg/ hpslulfdo zrunv zlwk qhr0nh|qhvldq pdfurhfrqrphwulf prghov/ lq zklfk wkhuh lv
vrph lqyroxqwdu| xqhpsor|phqw/ frqfoxgh wr dq lpsuryhphqw ri jurzwk dqg hpsor|phqw e| xvlqj
wkh uhyhqxhv irup hqylurqphqwdo wd{dwlrq wr uhgxfh zdjh wd{hv +HF ^4<<5` dqg ^4<<7`/ Ehdxpdlv dqg
Jrgdug ^4<<7`/ Ohpldoh dqg ]djdpì ^4<<;`,1
Pruh uhfhqwo|/ wkhvh glhuhqfhv kdyh ohg vrph dxwkruv wr ghdo zlwk lqyroxqwdu| xqhpsor|phqw lq wkh
grxeoh glylghqg ghedwh1 Qhyhuwkhohvv/ oderxu pdunhw lpshuihfwlrqv duh udwkhu glhuhqw dfurvv sdshuv/
vr frpsdudwlyh uhvxowv duh txlwh gl!fxow wr rewdlq1 Eryhqehuj dqg ydq ghu Sorhj ^4<<7d/ e` dqg ^4<<9`
dqg Eryhqehuj ^4<<:` frqgxfw dq dqdo|vlv lq d iudphzrun lq zklfk xqhpsor|phqw lv gxh wr pdwfklqj
iulfwlrqv1 Vfkqhlghu ^4<<:` xvhv dq h!flhqf| prgho1 Prvw ri wkh vwxglhv xvh d zdjh edujdlqlqj prgho
+Euxqhoor ^4<<9`/ Nrvnhod dqg Vfkùe ^4<<<`/ Ed|lqglu0Xspdqq dqg Udlwk ^4<<:`/ Pduvloldql dqg Uhq0
vwuùp ^4<<:`/ Siÿjhu ^4<<:`/ Kropoxqg dqg Nrop ^4<<:`/ Gh Prrlm ^4<<<`,1 Ghvslwh wkh glhuhqfhv lq
wkh prghoolqj dssurdfkhv/ d jhqhudo uhvxow vhhpv wr hphujh= zkhq oderu pdunhw grhv qrw fohdu/ wkh
grxeoh glylghqg lv pruh olnho| wr rffxu1 Wkh| doo vkrz wkdw hpsor|phqw fdq ulvh li wkh wd{ exughq lv
vkliwhg iurp zrunhuv wr xqhpsor|hg1 Khqfh/ wkhvh uhvxowv ghshqg fuxfldoo| rq wkh fkdudfwhulvwlfv ri
xqhpsor|phqw ehqhwv1
Wkh dlp ri wklv sdshu lv wr foduli| wkh ghedwh rq wkh hpsor|phqw glylghqg lq d xqlhg iudphzrun1
Zh dvvxph d forvhg hfrqrp| ã od Eodqfkdug dqg Nl|rwdnl ^4<;:`1 Khqfh/ zh frqvlghu lpshuihfw frp0
shwlwlrq lq wkh surgxfw pdunhw1 Lq frqwudvw zlwk Nrvnhod dqg Vfkùe ^4<<<` dqg Siÿehu ^4<<:`/ upv
dqg krxvhkrogv frqvxph hqhuj|1 Wkhuhiruh doo djhqwv zloo idfh wkh hqylurqphqwdo srolf|1 Wkh fkdudf0
whulvwlfv ri wkh hfrqrp| duh ghvfulehg lq vhfwlrq 51 Lq vhfwlrq 6/ zh dvvxph glhuhqw vshflfdwlrqv ri
wkh oderu pdunhw= zdjh edujdlqlqj dqg dq h!flhqf| zdjh prgho1 Lq hdfk prgho/ zh dvvxph glhu0
hqw fkdudfwhulvwlfv ri xqhpsor|phqw ehqhwv +lqgh{dwlrq wr wkh frqvxpswlrq sulfh/ wr wkh djjuhjdwh
surgxfwlrq sulfh/ ru h{rjhqrxv uhsodfhphqw udwlr,1 Vhfwlrq 7 h{dplqhv wkh vhqvlwlylw| ri xqhpsor|0
6
phqw dqg zdjhv wr dq lqfuhdvh lq hqylurqphqwdo wd{ udwh dqg wr d fxw lq oderxu wd{ uhjdugohvv wkh
exgjhw qhxwudolw|1 Lw wxuqv rxw wkdw dq hqylurqphqwdo vfdo uhirup fdqqrw uhgxfh xqhpsor|phqw li
wkh uhsodfhphqw udwlr lv {hg dqg li zdjhv duh qhjrwldwhg/ zklfk lv d vwdqgdug uhvxow lq htxloleulxp
xqhpsor|phqw prghov1 Krzhyhu/ wklv lv qr pruh wkh fdvh lq dq h!flhqf| zdjh prgho dqg pruhryhu/
lq d edujdlqlqj iudphzrun/ d fxw lq shuvrqdo lqfrph wd{ dozd|v uhgxfhv xqhpsor|phqw1 Iru wkh rwkhu
fkdudfwhulvwlfv ri wkh xqhpsor|phqw ehqhwv/ lw lv vkrzq wkdw dq lqfuhdvh lq hpsor|phqw frxog eh
pruh hdvlo| dfklhyhg lq d edujdlqlqj prgho wkdq lq dq h!flhqf| zdjh1 Wkh uhdvrq lv/ wkdw lq wkh h!0
flhqf| zdjh prgho/ wkh hqylurqphqwdo wd{ dozd|v udlvhv wkh zdjh ehfdxvh/ e| uhgxflqj wkh h{shfwhg
xwlolw| ri zrun/ lw lqgxfhv wkh zrunhu wr vklun1
Diwhu kdylqj olqhdul}hg wkh uhgxfhg irup ri rxu prgho durxqg wkh vwhdg| vwdwh lq vhfwlrq 8/ wkh vhfwlrq
9 h{soruhv wkh hhfwv ri d uhyhqxh qhxwudo hqylurqphqwdo wd{ uhirup zkhq wkh hqylurqphqwdo wd{hv
duh uhf|fohg lq orzhu zdjh wd{1 Zh vkrz wkdw dq hqylurqphqwdo srolf| ehdulqj rqo| rq upv fdqqrw
errvw hpsor|phqw1 Wkh uhirup uhgxfhv xqhpsor|phqw li krxvhkrogv dovr idfh dq lqfuhdvh lq wkhlu
hqhuj| sulfhv1 Li erwk djhqwv idfh dq lqfuhdvh lq hqhuj| frqvxpswlrq sulfh/ wkh vfdo uhirup uhgxfhv
xqhpsor|phqw zkhq wkhuh duh qr lqlwldo wd{/ li dqg rqo| li wkh surgxfw pdunhw lv qrw frpshwlwlyh1
Zkhq/ lqlwldoo|/ dq hqylurqphqwdo srolf| lv douhdg| hqirufhg/ hpsor|phqw fdq lqfuhdvh ghshqglqj rq
wkh lqlwldo ohyho ri wkh hqhuj| wd{1 Lw lv wkhq srvvleoh wr udqjh wkh frqglwlrqv iru d vhfrqg glylghqg
ghshqglqj rq wkh fkdudfwhulvwlfv ri wkh oderxu pdunhw dqg wkh xqhpsor|phqw ehqhwv1
51 Wkh prgho
Zh vwxg| wkh vwhdg|0vwdwh ri d forvhg hfrqrp| zkrvh fkdudfwhulvwlfv duh forvh ri wkrvh ri Eodqfkdug
dqg Nl|rwdnl ^4<;:`1 Wzr vhfwruv duh prghoohg= rqh surgxflqj frqvxpswlrq jrrgv dqg rqh surgxflqj
hqhuj|1
5141 Wkh krxvhkrogv
Wkh wrwdo qxpehu ri krxvhkrogv lv P @ K .Q / zkr duh zrunhuv +O,/ ru xqhpsor|hg +K  O,/ ru Q
upv* rzqhuv zkr duh dvvxphg qrw wr eh dfwlyh1 Wkh| doo kdyh wkh vdph suhihuhqfhv1 Wkh zrunhuv
hduq zdjhv / wkh xqhpsor|hg shufhlyh xqhpsor|phqw ehqhwv dqg wkh upv* rzqhuv froohfw surwv1









zkhuh F6 lv khu djjuhjdwh frqvxpswlrq ri jrrgv dqg H6 khu frqvxpswlrq ri hqhuj|1 H lv wkh
wrwdo frqvxpswlrq ri hqhuj| ri erwk frqvxphuv dqg upv +zklfk lv frqvlghuhg dv wkh joredo ohyho ri
srooxwlrq,/ dqg G+H, uhsuhvhqwv wkhq wkh glvxwlolw| ri srooxwlrq1
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Wkh djjuhjdwh frqvxpswlrq ri jrrgv lv prghoohg e| d FHV ixqfwlrq ri wkh jrrgv surgxfhg e| wkh














zkhuh f6 vwdqgv iru wkh frqvxpswlrq e| djhqw p ri jrrg l/  + A 4, iru wkh hodvwlflw| ri vxevwlwxwlrq
ehwzhhq wkh glhuhqwldwhg jrrgv/ dqg Q iru wkh qxpehu ri surgxfhg jrrgv1
Wkh uhsuhvhqwdwlyh frqvxphu*v exgjhw frqvwudlqw lv=
SF6 . Se6H6 @ U6 +516,
zkhuh S dqg Se6 duh uhvshfwlyho| wkh djjuhjdwh sulfh +diwhu wd{, ri wkh frqvxpswlrq ri qrq0srooxwlqj
jrrgv dqg wkh sulfh ri hqhuj| iru wkh krxvhkrogv1 Dvvxph Se6 @ +4 . w_, h zlwk h wkh hqhuj| sulfh
dqg w_ wkh wd{ udwh rq hqhuj| sxufkdvhg e| wkh krxvhkrogv1 U6 lv wkhlu uhyhqxh= U6 @ +4 wu,z iru d
zrunhu/ zlwk wu wkh lqfrph0wd{ udwh +dvvxphg wr eh frqvwdqw, dqg z wkh jurvv zdjh udwh/ U6 @ E iru
dq xqhpsor|hg/ zkhuh E vwdqgv iru wkh xqhpsor|phqw ehqhwv dqg U6 @  iru wkh rzqhu ri up l1
Wkh krxvhkrog*v surjudp ohdgv wr=







l @ 4==Q +517,
















zkhuh SS @ S 3jSje6 lv wkh djjuhjdwh frqvxpswlrq sulfh lqgh{1
5151 Wkh hqhuj| vhfwru
Dv lq Pduvloldql dqg Uhqvwuùp ^4<<:`/ zh dvvxph wkdw hqhuj| fdq eh surgxfhg e| frpshwlwlyh upv
xvlqj dq djjuhjdwh ri frqvxpswlrq jrrgv/ wkurxjk d olqhdu wudqvirupdwlrq surfhvv=





















l @ 4==Q +51;,
Jlyhq wklv shfxoldu vshflfdwlrq/ wkh sulfh ri [e htxdov wkh djjuhjdwh frqvxpswlrq sulfh lqgh{ S /
zklfk lpsolhv wkdw wkh uhdo sulfh ri hqhuj| lv frqvwdqw dqg htxdo wr !1
8
5161 Wkh fdslwdo vhfwru
Zh dvvxph dovr wkdw fdslwdo fdq eh surgxfhg e| frpshwlwlyh upv xvlqj dq djjuhjdwh ri frqvxpswlrq
jrrgv/ wkurxjk d olqhdu wudqvirupdwlrq surfhvv=





















l @ 4==Q +5143,
Jlyhq wklv shfxoldu vshflfdwlrq/ wkh sulfh ri [& htxdov wkh djjuhjdwh frqvxpswlrq sulfh lqgh{ S /
zklfk lpsolhv wkdw wkh uhdo sulfh ri hqhuj| lv frqvwdqw dqg htxdo wr *1
5171 Wkh jryhuqphqw






















l @ 4==Q +5145,
Wkh sulfh ri sxeolf h{shqglwxuhv lv rewdlqhg dv dq djjuhjdwlrq ri wkh frqvxpswlrq jrrgv sulfhv dqg/
jlyhq wkh vshflf irup ri wkh djjuhjdwh h{shqglwxuhv/ htxdov S 1
Wkh jryhuqphqw qdqfhv lwv h{shqglwxuhv dqg wkh xqhpsor|phqw ehqhwv zlwk irxu glvwruwlrqdu|
wd{hv6= wkh hqhuj| wd{hv/ we sdlg e| wkh upv dqg w_ e| wkh frqvxphuv/ d zdjh wd{ w sdlg e| wkh
upv dqg wkh lqfrph0wd{ wu1 Wkh jryhuqphqw*v exgjhw frqvwudlqw fdq wkhq eh zulwwhq dv7=
SJ @ wzO. wuzO. hw_H
 . hweH
 E+K  O, +5146,
zkhuh H hw H vwdqg uhvshfwlyho| iru wkh wrwdo hqhuj| ghpdqgv ri frqvxphuv dqg upv1
6Zh gr qrw lqfoxgh fdslwdo wd{dwlrq ehdxvh lq wklv nlqg ri prgho wkh hhfwv duh wkh vdph dv lq Eryhqehuj dqg gh
Prrlm ^4<<9`1
7Dv zh lqwhqg wr h{solflwo| dqdo|}h wkh hqhuj| wd{dwlrq rq krxvhkrogv xqghu dowhuqdwlyh uxohv ri lqgh{dwlrq ri xqhp0
sor|phqw ehqhwv/ zh lqwurgxfh ehqhwv lq wkh jryhuqphqw frqvwudlqw1 Rwkhu vwxglhv vxssrvh wkdw xqhpsor|phqw xwlolw|
lv ghulyhg iurp krxvhnhhslqj dfwlylwlhv dv lq gh Prrlm ^4<<<` iru h{dpsoh1 Khqfh lw dsshdu qhlwkhu lq wkh jryhuqphqw
exgjhw frqvwudlqw/ qru lq wkh krxvhkrogv exgjhw frqvwudlqw1 Dv wkhuh lv wkhq zrun vkdulqj/ lw lv hdvlhu wr frqfoxgh rq wkh
hqylurqphqwdo glylghqg1
9
5181 Wkh djjuhjdwh ghpdqg


































zkhuh U lv wkh djjuhjdwh frqvxphuv uhyhqxh1




sg @ +4 ,U. SJ. S[e . S[& +5147,










Wkhuh duh Q lghqwlfdo upv zklfk surgxfh lpshuihfw vxevwlwxwhv1 Hdfk up prqrsrol}hv lwv pdunhw1
Hdfk up lv sulfh0wdnhu rq wkh hqhuj|0pdunhw dqg hlwkhu sulfh0wdnhu ru sulfh0pdnhu rq wkh oderu
pdunhw/ ghshqglqj rq wkh zd| zdjhv duh ghwhuplqhg1 Lw lv dovr dvvxphg wkdw hdfk up lv vr vpdoo
wkdw lw wdnhv dv h{rjhqrxv wkh djjuhjdwh sulfh dqg ghpdqg1
Wkh whfkqrorj| ri up l lv uhsuhvhqwhg wkurxjk d Free0Grxjodv ixqfwlrq zlwk frqvwdqw uhwxuqv wr
vfdoh frpelqlqj wkuhh lqsxwv= h!flhqw oderu O/ fdslwdo N dqg hqhuj| H1




Hdfk up pd{lpl}hv lwv surw/ iru jlyhq ohyhov ri joredo surgxfwlrq dqg djjuhjdwh sulfh ohyho1 Wklv
ohdgv/ lq v|pphwulf htxloleulxp/ wr wkh iroorzlqj uxoh ri sulfh ghwhuplqdwlrq/ wkh oderu ghpdqg/ wkh






















































zkhuh Z @ +4 . w,z vwdqgv iru wkh oderu frvw> Se? @ +4 . we,h iru wkh hqhuj| frvw iru upv zkhuh
we lv wkh hqhuj| wd{ udwh ohylhg rq upv dqg u wkh fdslwdo frvw>  @ ww3 wkh pdun0xs udwh ri upv
dqg F @ 3k+4,3E3k1  vwdqgv iru sulfh hodvwlflw| ri idfwru ghpdqg dqg z wkh idfwru vkduh lq
surgxfwlrq frvwv1 Wkh wdeoh 514 jlyhv wkh h{suhvvlrqv ri wkhvh hodvwlflwlhv=
Wdeohdx 514= Doohq sulfh hodvwlflfwlhv
O H N
O z,  +4z,, ze+4 , z& +4 ,
H z, +4 , +4ze,ze z& +4 ,
N z, +4 , ze+4 ,  +4z&,z&
 z, +4 , ze+4 , z& +4 ,
z, @  ze @ 4   z& @ 
51:1 Wkh htxloleulxp
Dgglqj wkh frqvxphuv* exgjhw frqvwudlqw/ wkh jryhuqphqw*v exgjhw frqvwudlqw/ dqg wkh surw ghql0
wlrqv iru wkh wkuhh vhfwruv |lhogv wkh iroorzlqj htxloleulxp uhodwlrq=
S\ @ SF . SJ. S[e . S[& +514;,
51;1 Wkh Sulfh Vhwwlqj fxuyh










, +4 . we,
3e
, +4 . w,
3 +514<,
Lq rxu fdvh ri frqvwdqw uhwxuqv wr vfdoh/ wklv fxuyh dorqh ghwhuplqhv wkh htxloleulxp zdjh udwh> dqg lq
qr zd| grhv lw ghshqg rq wkh xqhpsor|phqw udwh1
Dq lqfuhdvh ri wkh hqhuj| wd{ udwh sdlg e| upv lqfuhdvhv surgxfwlrq frvwv/ uhgxfhv wkh xvh ri hq0
huj| dqg lqflwhv wr vxevwlwxwh oderu iru hqhuj|1 D uhgxfwlrq ri wkh oderu frvw dsshduv qhfhvvdu| wr
frpshqvdwh iru wkh uhgxfwlrq ri wkh oderu surgxfwlylw|1 Wklv pd| eh rewdlqhg wkurxjk wzr glhuhqw
phfkdqlvpv= hlwkhu d uhgxfwlrq ri wkh uhdo zdjh udwh +surgxfwlrq idoov dqg wkhuhiruh uhgxfhv wkh xvh
ri oderu, ru d uhgxfwlrq ri wkh zdjh wd{1
61 Wkh ghwhuplqdwlrq ri zdjhv
Zh zloo frqvlghu lq wxuq d edujdlqlqj prgho dqg dq h!flhqf| zdjh prgho81
8Iru dq ryhuylhz ri zdjh irupdwlrq vhh Od|dug/ Qlfnhoo dqg Mdfnpdq ^4<<4` ru Fdkxf dqg ]|oehuehuj ^4<<9`
;
6141 Zdjh edujdlqlqj
Rqh frqvlghu d fdqrqlfdo prgho ri uljkw wr pdqdjh +Qlfnhoo dqg Dqguhzv ^4<;6`,/ zkhuh wkh wudgh0
xqlrq dqg wkh up l edujdlq rq zdjhv rqo|/ wkh up ehlqj iuhh wr dgdsw diwhuzdugv lwv oderu ghpdqg/
jlyhq wkh qhjrwldwhg zdjh1
Wkh up l pd{lpl}hv lwv uhdo surw 

dqg wkh wudgh0xqlrq pd{lpl}hv wkh h{shfwhg xwlolw| ri lwv















zkhuh U ghqrwhv wkh h{shfwhg uhyhqxh ri dq xqhpsor|hg djhqw/ zklfk lv frqvlghuhg dv h{rjhqrxv e|
wkh wudgh0xqlrq1
Zdjh edujdlqlqj lv dssuhkhqghg e| d Qdvk fulwhulrq1 Wklv odwwhu uhtxluhv wr vshfli| wkh wkuhdw srlqwv
ri wkh glhuhqw djhqwv/ zklfk ghvfuleh wkhlu rxwvlgh rssruwxqlwlhv1 Wkh xqlrq wkuhdw srlqw frqvlvwv ri







/ dqg wkh up wkuhdwsrlqw htxdov uN1























zkhuh 4  ghqrwhv wkh xqlrq edujdlqlqj srzhu dqg  @   uN1










zkhuh z3 vwdqgv iru wkh zdjh rssruwxqlwlhv lq rwkhu upv1 Dq djhqw zkr lv qrw kluhg e| wkh up
l fdq eh kluhg e| dqrwkhu up/ zlwk suredelolw| htxdo wr +4  x, ru vkh pd| vwd| xqhpsor|hg/ zlwk
suredelolw| x/ dqg wkhuhiruh froohfw dq xqhpsor|phqw ehqhw E1
Dw d v|pphwulf htxloleulxp/ zdjhv duh lghqwlfdo lq doo upv zklfk ohdgv wr wkh iroorzlqj djjuhjdwh















Wkh htxloleulxp zdjh lqfuhdvhv zlwk wkh pdun0xs udwh ri wkh wudgh0xqlrqv dqg ghfuhdvhv dv wkh xqhp0
sor|phqw ulvhv/ vlqfh wkh wkuhdw ri xqhpsor|phqw prghudwhv wkh zdjh fodlpv1 Wkh zdjh dovr lqfuhdvhv
zlwk wkh uhsodfhphqw uhyhqxh ehfdxvh lw lpsuryhv wkh xqlrq wkuhdwsrlqw= wkh lqvlghuv djhqwv ydoxh
wkhlu srvlwlrq wrzdugv wkh xqhpsor|hg djhqwv1 Ohw xv qrwlfh vrph lpsruwdqw phfkdqlvpv=
 Zkhq wkh xqhpsor|phqw ehqhwv duh lqgh{hg wr wkh djjuhjdwh sulfh lqgh{/ E @ Sd> zdjhv duh
lqghshqghqw ri doo frqvxpswlrq wd{hv/ lqfoxglqj wkh hqylurqphqwdo rqh/ ehfdxvh wkh hqylurq0
<







 Zkhq wkh hpsor|phqw ehqhwv duh lqvwhdg lqgh{hg wr wkh djjuhjdwh frqvxpswlrq sulfh lqgh{












 Wkh lqfrph wd{ gr qrw dhfw zdjhv xqohvv wkh xqhpsor|hg duh qrw wd{hg +ru wd{hg dw d orzhu
udwh,1
 Odvwo|/ zkhq xqhpsor|phqw ehqhwv duh lqgh{hg wr wkh zdjh udwh +E @ dz,/ wkh ZV fxuyh dorqh
ghwhuplqhv wkh xqhpsor|phqw udwh/ zklfk lv qrw dhfwhg e| wkh frqvxpswlrq wd{hv/ exw rqo| e|
wkh lqfrph wd{ li wkh xqhpsor|hg duh wd{hg dw d orzhu udwh wkdq wkh zrunhuv1 Lq wklv fdvh/ wkh
htxloleulxp xqhpsor|phqw udwh fdq eh zulwwhq dv=
xW @
+4 wu,+P  4,
P ^+4 wu, e`
+619,
6151 H!flhqf| zdjh









" vwdqgv iru wkh hruw ohyho ri djhqw p zklfk lv " @ 3 zkhq wkh zrunhu grhv qrw pdnh dq| hruw exw
" @ 4 zkhq vkh pdnhv dq hruw dqg ]+", lv wkh glvxwlolw| ri hruw1 Zh dvvxph wkdw ]+3, @ 3 dqg
]+4, @ ]1
Rxu vklunlqj prgho lv lqvsluhg iurp wkdw ri Vkdslur dqg Vwljolw} +4<;7,/ zkhuh wkh zdjh lv xqlodwhudoo|
ghwhuplqhg e| wkh up lq rughu wr lqflwh wkh zrunhu wr surgxfh wkh uhtxluhg hruw1
Hruwv duh dvvxphg wr eh lpshuihfwo| prqlwruhg e| upv= wkh suredelolw| iru d vklunlqj zrunhu wr eh
ghwhfwhg htxdov g 5 `3> 4^ = Doo zrunhuv zkr duh fdxjkw vklunlqj duh lpphgldwho| uhg91








9Zh wkhq vxssrvh wkdw zrunhu duh prqlwruhg lq wkh ehjlqqlqj ri wkh shulrg1
:Zh fdq vxsuhvv wkh ghvxwlolw| ri srooxwlrq ehfdxvh lw hqwhuv dgglwdwlyho| lq xwlolw|1 Vr/ lw ydqlvkhv lq wkh lqfhqwlyh
dqg sduwlflsdwlrq frqvwudlqwv1 Ilqdoo|/ ghvxwlolw| ri srooxwlrq grhv qrw hqwhu lq zdjh irupdwlrq1
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Wkh h{shfwhg xwlolw| ri d vklunhu lv=






D w|slfdo zrunhu zloo qrw vklun li dqg rqo| li khu h{shfwhg xwlolw| Ye h{fhhgv wkh xwlolw| rewdlqhg
zlwkrxw dq| hruw1 Wkh lqfhqwlyh frqglwlrq zulwhv=












Rq wkh rwkhu kdqg/ wkh zrunhu zloo dffhsw d mre li dqg rqo| khu xwlolw| dv hpsor|hg lv kljkhu wkdq wkdw
ri dq xqhpsor|hg +sduwlflsdwlrq frqglwlrq,=
Ye A Y +6144,
Wkxv/ lq rughu wr kluh d zrunhu dqg hqfrxudjh khu wr pdnh dq hruw/ wkh up pxvw phhw wkh wzr
frqvwudlqwv 6143 dqg 61441 Wkh up fkrrvhv wkh orzhvw zdjh zklfk ixooo erwk frqglwlrqv=




Dq| xqhpsor|hg djhqw pd| eh kluhg zlwk suredelolw| +4  x, dqg wkxv rewdlq wkh h{shfwhg xwlolw|
Ye ru vkh pd| uhpdlq xqhpsor|hg zlwk suredelolw| x +zkhuh x lv wkh xqhpsor|phqw udwh,/ dqg wkxv
shufhlyh xqhpsor|phqw ehqhwv E1 Khu h{shfwhg xwlolw| wkhq h{suhvvhv dv=




Frpelqlqj 6145 zlwk 6146 dqg wkh irupxodv ri wkh h{shfwhg xwlolwlhv ri d zrunhu dqg ri dq xqhpsor|hg



















Uhvxowv duh glhuhqw iurp wkrvh ri wkh edujdlqlqj prgho1 Khuh/ wkh hqylurqphqwdo wd{ dqg wkh lqfrph
wd{ dozd|v dhfw wkh zdjh ohyho ehfdxvh wkhvh wd{hv dozd|v uhgxfh wkh h{shfwhg xwlolw| ri zrun1 Khqfh
dq lqfuhdvh ri wkh hqylurqphqwdo wd{ hqkdqfhv wkh zdjh ohyho/ lq doo fdvhv= hpsor|huv kdyh wr lqfuhdvhg
zdjh wr phhw wkh qrq0vklunlqj frqglwlrq +htxdwlrq 6143,1 Wkh vhfrqg glylghqg ehfrphv pruh gl!fxow
wr rewdlq1
















 Zkhq wkh hpsor|phqw ehqhwv duh lqvwhdg lqgh{hg wr wkh djjuhjdwh frqvxpswlrq sulfh lqgh{

















 Odvwo|/ zkhq wkh xqhpsor|phqw ehqhwv duh lqgh{hg wr wkh zdjh udwh +E @ dz,/ wkh ZV fxuyh
lv qr pruh yhuwlfdo1 Wkh xqhpsor|phqw udwh lv vwloo dhfwhg e| wkh frqvxpswlrq wd{hv dqg e|
wkh lqfrph wd{/ zkdwhyhu wkh lqfrph wd{ udwh iru wkh xqhpsor|hg1 Xqghu wkh dvvxpswlrq wkdw


















71 Vhqvlwlylw| wr wkh glhuhqw wd{ udwhv
Wkh htxdwlrqv ZV dqg SV ghwhuplqh wrjhwkhu wkh htxloleulxp ohyhov ri zdjh dqg ri xqhpsor|phqw
xW/ zklfk fdq eh fdofxodwhg e| wkh iroorzlqj lpsolflw htxdwlrq=
xW w=t= X+x> we> w> wu, @ SV+we> w,ZV+x> w_> wu, @ 3 +714,
Wkh dlp ri wklv sdudjudsk lv wr txdoli| wkh wd{ udwh fkdqjhv zklfk pljkw lqgxfh d ghfuhdvh ri wkh xq0
hpsor|phqw udwh1 Dw klv vwdjh/ wkh jryhuqphqw*v exgjhw frqvwudlqw lv qrw lpsrvhg1 Zh zloo glvwlqjxlvk
vhyhudo fdvhv ghshqglqj rq wkh zdjh irupdwlrq phfkdqlvp dqg rq wkh hqylurqphqwdo srolf|=
41 glhuhqw lqgh{dwlrq fdvhv iru wkh xqhpsor|phqw ehqhwv=
 Fdvh D= shuihfw lqgh{dwlrq ri wkh xqhpsor|phqw ehqhwv wr wkh frqvxpswlrq sulfh>
 Fdvh E= shuihfw lqgh{dwlrq ri wkh xqhpsor|phqw ehqhwv wr wkh surgxfwlrq sulfh>
 Fdvh F= h{rjhqrxv uhsodfhphqw udwlr1
51 glhuhqw hqylurqphqwdo srolflhv=
 Fdvh I= wkh hqylurqphqwdo srolf| ehduv rqo| rq upv +gw_ @ 3,>
 Fdvh K= wkh hqylurqphqwdo srolf| ehduv rqo| rq krxvhkrogv +gwe @ 3,>
 Fdvh W= wkh hqylurqphqwdo srolf| ehduv erwk rq upv dqg krxvhkrogv +gwe @ gw_,>1
Wkh vhqvlwlylw| ri wkh zdjh vhwwlqj fxuyh +ZV, dqg ri wkh sulfh vhwwlqj fxuyh +SV, wr wkhlu du0
jxphqwv/ iru wkh glhuhqw ghqlwlrqv ri wkh xqhpsor|phqw ehqhwv/ lv ghvfulehg lq wkh wzr iroorzlqj
Wdeohv +Wdeohv 714 dqg 715,1
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Wklv htxdwlrq fdq eh xvhg wr fdofxodwh wkh fkdqjh ri wkh zdjh wd{ udwh +ru ri wkh lqfrph wd{ udwh,
lq uhvsrqvh wr d fkdqjh ri wkh hqylurqphqwdo wd{ udwh zklfk hqvxuhv wkh rewhqwlrq ri dq hpsor|phqw
glylghqg1 Wkh uhvxowv duh jlyhq ehorz iru wkh glhuhqw srolflhv dqg frpshqvdwlrq zklfk fdq eh frq0
vlghuhg1 Zh khuh glvfxvv wkh glhuhqw phfkdqlvpv zklfk rshudwh lq erwk prghov1
Iru upv/ wkh hqhuj| wd{ uhgxfhv wkh oderu surgxfwlylw| wkurxjk wkh vxevwlwxwlrq hhfw ehwzhhq hqhuj|
dqg oderu1 Wkh surgxfwlrq frvw ehfrphv wkhq wrr kljk dqg wkh upv uhgxfh wkhlu ghpdqg iru oderu=
wklv udlvhv wkh xqhpsor|phqw udwh dqg doorzv iru d uhgxfwlrq ri wkh uhdo zdjh1 Wkh zrunhuv fdq qrw
uhixvh wklv orvv ri sxufkdvlqj srzhu ehfdxvh ri wkh lqfuhdvh lq xqhpsor|phqw1
Zkhq wkh wd{ ehduv rq krxvhkrogv/ wkh| wu| wr pdlqwdlq wkhlu uhdo lqfrph e| fodlplqj d zdjh lqfuhdvh
+lq wkh fdvh zkhuh xqhpsor|phqw ehqhwv duh lqgh{hg wr wkh frqvxpswlrq sulfh,/ lq wkh edujdlqlqj
prgho1 Lq wkh h!flhqf| zdjh prgho/ wkh hqylurqphqwdo wd{ sdlg e| frqvxphuv xujh upv wr lqfuhdvh
zdjhv lq rughu wr pdlqwdlq wkh lqfhqwlyhv wr zrun1 Lq wkh vkruw whup/ wkh uhdo zdjh lqfuhdvhv1 Wkhq
upv uhgxfh wkhlu oderu ghpdqg dqg wkh xqhpsor|phqw ulvhv1 Wklv ohdgv wkh zrunhuv wr dffhsw zdjh
fxwv1 Lq wkh orqj whup/ wkh oderu frvw lv edfn wr lwv lqlwldo ohyho exw wkh xqhpsor|phqw udwh lv kljkhu1
Zkhq wkh hqylurqphqwdo srolf| ehduv rq erwk upv dqg frqvxphuv/ wkh orqj whup hhfw frqvlvwv ri d
ghfuhdvh lq wkh uhdo zdjh dqg dq lqfuhdvh lq xqhpsor|phqw1
Lq fdvh ri uhgxfwlrq ri wkh zdjh wd{/ wkh hhfwv duh txdolwdwlyho| wkh vdph exw lq wkh rssrvlwh gluhfwlrq=
wklv ohdgv wr d ghfuhdvh lq xqhpsor|phqw dqg d udlvh lq uhdo zdjhv1
46
Wdeohdx 714= Vhqvlwlylw| ri wkh ZV hw SV fxuyhv wr wkhlu dujxphqwv lq wkh edujdlqlqj
prgho
zdjh vhwwlqj sulfh vhwwlqj



































Fdvh D= Shuihfw lqgh{dwlrq ri wkh xqhpsor|phqw ehqhwv wr frqvxpswlrq sulfh
Fdvh E= Shuihfw lqgh{dwlrq ri wkh xqhpsor|phqw ehqhwv wr surgxfwlrq sulfh
Fdvh F= H{rjhqrxv uhsodfhphqw udwh
7141 Hqylurqphqwdo wd{ frpshqvdwhg zlwk d ghfuhdvh ri wkh zdjh wd{
714141 Edujdlqlqj prgho
Wkh qhfhvvdu| udwlrv ehwzhhq wkh fkdqjh ri wkh zdjh wd{ udwh dqg wkh fkdqjh ri wkh hqylurqphqwdo wd{
udwh zklfk hqvxuhv wkh rewhqwlrq ri dq hpsor|phqw glylghqg duh vkrzq lq wkh iroorzlqj wdeoh +
_|_|e 
ru
_|_|_  ghshqglqj rq wkh fdvh vwxglhg,=
Lq fdvhF/ wkh vfdo uhirup fdqqrw dhfw wkh htxloleulxp ohyho ri xqhpsor|phqw/ iru doo srolflhv vwxglhg=
zkhq wkh uhsodfhphqw udwh lv h{rjhqrxv/ dq| lqfuhdvh ri dq hqylurqphqwdo wd{/ zkhwkhu frpshqvdwhg
ru qrw zlwk d uhgxfwlrq ri wkh zdjh wd{ udwh/ kdv qr hhfw rq wkh udwh ri xqhpsor|phqw1
Lq fdvh I/ zkhuh wkh hqylurqphqwdo srolf| ehduv rqo| rq upv/ wkh xqhpsor|phqw udwh fdq rqo| eh
uhgxfhg li dqg rqo| li wkh ghfuhdvh ri wkh zdjh wd{ frpshqvdwh iru wkh lqfuhdvh ri wkh surgxfwlrq frvw1
Lq fdvh K/ zkhuh wkh hqylurqphqwdo srolf| ehduv rqo| rq krxvhkrogv/ wkh xqhpsor|phqw udwh zloo
dozd|v eh uhgxfhg li wkh xqhpsor|phqw ehqhwv duh qrw lqgh{hg wr wkh frqvxpswlrq sulfh +fdvh E,1
Zkhq wkhvh xqhpsor|phqw ehqhwv duh lqghhg lqgh{hg wr wkh frqvxpswlrq sulfh +fdvhD,/ wkh zrunhuv
rqo| ehduv wkh hqylurqphqwdo wd{1 Wkh| wu| wr pdlqwdlq wkhlu uhdo zdjh e| fodlplqj iru zdjh lqfuhdvhv=
wkh xqhpsor|phqw zloo eh uhgxfhg li dqg rqo| li wkh ghfuhdvh ri wkh zdjh wd{ frpshqvdwh iru wkh zdjh
fodlpv1
Lq idfw/ wkh xqhpsor|phqw udwh pd| ghfuhdvh rqo| zkhq erwk zrunhuv dqg xqhpsor|hg ehdu wkh vfdo
47
Wdeohdx 715= Vhqvlwlylw| ri wkh ZV hw SV fxuyhv wr wkhlu dujxphqwv lq wkh h!flhqf| zdjh
prgho
zdjh vhwwlqj sulfh vhwwlqj



















































Xqhpsor|phqw ohyho ? 3 ? 3 ? 3 3
Fdvh D= Shuihfw lqgh{dwlrq ri wkh xqhpsor|phqw ehqhwv wr frqvxpswlrq sulfh
Fdvh E= Shuihfw lqgh{dwlrq ri wkh xqhpsor|phqw ehqhwv wr surgxfwlrq sulfh
Fdvh F= H{rjhqrxv uhsodfhphqw udwh
Wdeohdx 716= Qhfhvvdu| udwlrv ehwzhhq wkh fkdqjh lq wkh oderu wd{ udwh dqg wkh fkdqjh lq
wkh hqylurqphqwdo wd{ udwh zklfk hqvxuhv wkh rewhqwlrq ri dq hpsor|phqw glylghqg


























Fdvh F   
exughq ri wkh hqylurqphqwdo srolf| ehfdxvh/ lq wklv edujdlqlqj prgho/ wkh lpsruwdqw srlqw lv wkh
uhodwlyh srvlwlrq ri zrunhuv dqg xqhpsor|hg1
Lq fdvh W/ zkhuh erwk upv dqg krxvhkrogv duh dhfwhg e| wkh hqylurqphqwdo srolf|/ wkh uhgxfwlrq
ri wkh zdjh wd{ udwh qhfhvvdu| wr rewdlq dq hpsor|phqw glylghqg lv juhdwhu lq fdvh D +zkhq wkh frq0
vxpswlrq sulfh lq xhqfhv wkh ghwhuplqdwlrq ri zdjhv, wkdq lq fdvhE1 Wkh grxeoh glylghqg dvvxpswlrq
zloo wkhuhiruh eh pruh gl!fxow wr dfklhyh1
714151 H!flhqf| zdjh prgho
Wkh vdph dqdo|vlv dv deryh ohdgv khuh wr wkh iroorzlqj uhvxowv +Wdeoh 717,=
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Wdeohdx 717= Qhfhvvdu| udwlrv ehwzhhq wkh fkdqjh lq wkh oderu wd{ udwh dqg wkh fkdqjh lq
wkh hqylurqphqwdo wd{ udwh zklfk hqvxuh wkh rewhqwlrq ri dq hpsor|phqw glylghqg






































































? 4/ ehfdxvh wkh xqhpsor|phqw ehqhwv duh dvvxphg wr eh ohvv wkdq wkh zdjh udwh/
wkh grxeoh glylghqg zloo/ lq fdvh E/ eh pruh gl!fxow wr rewdlq lq dq h!flhqf| zdjh prgho wkdq lq d
edujdlqlqj prgho1 Rq wkh rssrvlwh/ dq hpsor|phqw glylghqg frxog eh rewdlqhg zkhq wkh uhsodfhphqw
udwh lv h{rjhqrxv +fdvh F iru doo srolflhv,1
7151 Hqylurqphqwdo wd{ frpshqvdwhg zlwk d ghfuhdvh lq wkh lqfrph wd{
Wdnlqj wkh vdph olqh dv deryh/ wkh vdph uhvxowv duh rewdlqhg/ h{fhsw lq fdvh F +h{rjhqrxv uhsodfh0
phqw udwh, iru wkh edujdlqlqj prgho/ lq zklfk d ghfuhdvh ri wkh lqfrph wd{ udwh dozd|v uhgxfhv wkh
xqhpsor|phqw udwh/ zkhwkhu wkh djhqwv ehdu wkh hqylurqphqwdo wd{ ru qrw1
7161 Wkh frqglwlrqv iru d vhfrqg glylghqg
Wkh deryh glvfxvvlrq jlyhv/ lq glhuhqw fdvhv/ wkh zdjh wd{ fxw qhfhvvdu| wr uhgxfh xqhpsor|phqw1






ri wkh uhdo zdjh lq uhvshfw wr wkh hqylurqphqwdo wd{ +,1
Wkh kljkhu lv wkh hqhuj| vkduh lq frpsdulvrq zlwk wkh oderu vkduh/ wkh kljkhu wkh zdjh wd{ fxw kdv wr
eh wr frpshqvdwh iru wkh frvw lqfuhdvh/ srvlwlyho| uhodwhg wr wkh hqhuj| vkduh1 Wkh oderu frvw uhgxfwlrq
qhfhvvdu| wr uhvwruh wkh idfwru sulfh iurqwlhu lv wkhq kljkhu1
Wkh hodvwlflw| ri wkh uhdo zdjh wr wkh hqylurqphqwdo wd{ kdv dq lpsdfw lq doo fdvhv lq wkh h!flhqf|
zdjh prgho exw rqo| lq wkh fdvh zkhuh wkh xqhpsor|phqw ehqhwv duh lqgh{hg wr frqvxpswlrq sulfhv
lq wkh edujdlqlqj prgho1 Lq doo wkhvh vlwxdwlrqv/ dq lqfuhdvh lq wkh hqylurqphqwdo wd{ lqgxfhv d zdjh
ulvh/ hlwkhu e| zdjh fodlpv ru e| hhfw ri wkh lqfhqwlyh frqvwudlqw1 Wkh zdjh wd{ fxw kdv wr eh kljkhu
wr uhvwruh wkh htxdolw| ehwzhhq wkh pdujlqdo oderu surgxfwlylw| dqg wkh oderu frvw1
Odvwo|/ lw lv zruwk srlqwlqj rxw wkdw d vhfrqg glylghqg lv dw ohdvw dv gl!fxow wr rewdlq lq dq h!flhqf|
zdjh prgho dv lq d edujdlqlqj prgho/ exw iru rqh fdvh +fdvh F/ iru d zdjh wd{ fxw,1 Lq doo rwkhu fdvhv/
wkh qhfhvvdu| frqglwlrqv wr dfklhyh d grxeoh glylghqg duh hlwkhu htxdoo| ru pruh uhvwulfwlyh wkdq lq
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wkh edujdlqlqj prgho1
Krzhyhu/ wkh vl}h ri wkh ihdvleoh wd{ fxwv ghshqgv rq wkh jryhuqphqw*v exgjhw frqvwudlqw1 Wkh dggl0
wlrqdo uhyhqxh rewdlqhg wkurxjk dq| hqylurqphqwdo wd{ uhirup uhvxowv iurp wzr frq lfwlqj hhfwv= d
gluhfw lqfuhdvh +h{ dqwh hhfw,/ exw dovr dq hurvlrq hhfw ri wkh glhuhqw vfdo edvhv +h{ srvw hhfw,1
Wkh uhyhqxhv wr eh uhf|fohg ghshqg rq wkh uhodwlyh pdjqlwxgh ri wkhvh wzr hhfwv=
 wkh udlvh ri wkh uhyhqxh ri dq hqhuj| wd{ ghshqg rq wkh hqhuj| vkduh lq frqvxpswlrq dqg lq
surgxfwlrq1 Wkh kljkhu wklv vkduh/ wkh kljkhu wkh h{ dqwh uhyhqxh>
 rq wkh rwkhu kdqg/ wkh h{ srvw uhf|folqj srvvlelolwlhv duh uhgxfhg e| wkh ghsuhvvlyh hhfw ri wkh
wd{ zklfk hurghv wkh vfdo uhyhqxhv wkurxjk glhuhqw zd|v=
 wkh ghsuhvvlyh hhfwv lqfuhdvh wkh udwh ri xqhpsor|phqw dqg uhgxfh wkh htxloleulxp uhdo
zdjh> wkh vfdo uhyhqxhv ghfuhdvh ehfdxvh ri wkh idoo lq wkh oderu wd{ uhyhqxh +wkurxjk erwk
wkh yroxph hhfw dqg wkh sulfh hhfw, dqg ri wkh ulvh lq xqhpsor|phqw ehqhwv zklfk duh
doo wkh pruh odujh vlqfh wkh| duh lqgh{hg wr wkh frqvxpswlrq sulfh>
 wkh hqhuj| frqvxpswlrqv dqg wkhuhiruh wkh hqhuj| wd{ uhyhqxh duh uhgxfhg erwk e| d vxe0
vwlwxwlrq hhfw dqg e| wkh hhfw ri dfwlylw| frqwudfwlrq1
81 Olqhdul}dwlrq ri wkh prgho
Zh zloo/ lq wklv sduw/ olqhdul}h wkh prgho durxqg wkh vwhdg| vwdwh1 Yduldeohv { wkhq ghqrwh uhodwlyh
fkdqjh1 Zh zloo qrz frqvlghu rqo| uhdo whupv/ $ @ 

vwdqglqj iru wkh uhdo zdjh dqg e @ 

iru uhdo
xqhpsor|phqw ehqhwv1 Wkh deryh glvfxvvlrq vkrzv wkdw wkh uhvxowv duh htxlydohqw lq erwk fdvhv ri
uhf|folqj wkh hqylurqphqwdo wd{ uhyhqxh/ zlwk d zdjh wd{ fxw ru zlwk dq lqfrph wd{ fxw/ exw iru wkh
fdvh zkhuh wkh xqhpsor|phqw ehqhwv duh dq h{rjhqrxv sursruwlrq ri wkh zdjh udwh1 Iurp qrz rq
zh zloo frqvlghu rqo| rqh uhf|folqj zd|/ e| d zdjh wd{ udwh1 Wkh lqfrph wd{ udwh +wu, glvdsshduv
qrz iurp rxu glvfxvvlrq1 Wkh prgho lq olqhdul}hg irup lv suhvhqwhg lq Wdeoh 8161 Zh suhvhqw lq pruh
ghwdlov wkh olqhdul}dwlrq ri wkh zdjh fxuyh zklfk sod|v dq lpsruwdqw uroh lq wkh dqdo|vlv1
Glhuhqwldwlqj wkh zdjh htxdwlrqv 616 dqg 6147/ zh duulyh wr d xqltxh txdvl oderu vxsso| fxuyh hq0
frpsdvvlqj erwk zdjh irupdwlrq=






zlwk { @ x> e> w_ vwdqgv uhvshfwlyho| iru wkh hodvwlflw| ri wkh uhdo zdjh +ru ri wkh
oderu txdvl0vxsso|, wr wkh xqhpsor|phqw udwh/ wr wkh uhdo xqhpsor|phqw ehqhwv dqg wr wkh hqylurq0
phqwdo wd{ udwh zklfk duh suhvhqwhg lq Wdeoh 8141
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Wdeohdx 814= Hodvwlflwlhv
























Wkh uhodwlyh fkdqjh ri wkh xqhpsor|phqw ehqhwv fdq eh h{suhvvhg/ lq wkh glhuhqw fdvhv/ dv=
he @ K|hw_ zlwk K| @
;A?A=
 fdvh D
3 fdvh Eh$hw_ fdvh F
Wkh olqhdul}dwlrq ri wkh oderu pdunhw htxloleulxp/ lq wkh glhuhqw fdvhv ri zdjh irupdwlrq prghov
dqg ri ghwhuplqdwlrq ri wkh xqhpsor|phqw ehqhwv/ lv jlyhq lq wkh iroorzlqj +wdeoh 815, =
Wdeohdx 815= Olqhdul}dwlrq ri wkh oderu ghpdqg dqg vxsso| fxuyhv
Edujdlqlqj prgho Zdjh h!flhqf| prgho
K @ 4 |_ @ 3 3 ? K ? 4 3 ? |_ ? 4
Oderu ghpdqg fxuyh +sulfh vhwwlqj,
h$ @ ze
z,
we  w h$ @ ze
z,
we  w
Oderu txdvl0vxsso| fxuyh +zdjh vhwwlqj,
Fdvh D x @ 
h$  w_ x @  h$  K . |_ w_
Fdvh E x @ h$ x @  h$  |_w_
Fdvh F x @ 3 x @ +4 K,h$ . |_w_










z, .z& .ze @ 4 hw @ gw
4 . w




lv wkh hodvwlflw| ri wkh oderu txdvl vxsso| wr wkh uhdo zdjh
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Wkh Wdeoh 816 frqwdlqv wkh olqhdul}hg irup ri wkh prgho1
Wdeohdx 816= Prgho lq uhodwlyh fkdqjh
Ilupv
Surgxfwlrq h\ @ 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& hN . e hH
Oderu ghpdqg hO @ ,, h$ . hw. ,ehwe . hG
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Surw h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Frqvxpswlrq jrrgv ghpdqg
Zrunhuv hFr @ h$ . hO
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xqhpsor|huv hF @ he. hx
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91 Ilvfdo uhirup dqg hpsor|phqw glylghqg
Lq wklv vhfwlrq/ zh zloo dqdo|}h wkh hpsor|phqw hhfw ri dq hqylurqphqwdo vfdo uhirup;1 Wkh uhirup
frqvlvwv ri dq lqfuhdvh ri hqhuj| wd{hv uhf|fohg e| d fxw lq zdjh wd{1 Wkh uhgxfhg irup ri vrph
htxdwlrqv duh uhsruwhg lq wdeoh 9141 Lq rughu wr vlpsoli| wkh glvfxvvlrq/ zh vwxg| wkh hhfwv ri d
vfdo uhirup e| glvwlqjxlvklqj glhuhqw fdvhv ghshqglqj rq wkh w|sh ri djhqwv ehdulqj wkh frvw ri wkh
hqylurqphqwdo srolf| +fdvhv I/ K dqg W,1
Wdeohdx 914= Uhgxfhg irup ri wkh prgho
Xqhpsor|phqw dqg uhyhqx
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;Wkh hqylurqphqwdo glylghqg +uvw glylghqg, lv suhvhqwhg lq vhfwlrq :
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9141 Fdvh I= wkh hqylurqphqwdo srolf| ehduv rqo| rq upv +hw_ @ 3,
Dv krxvhkrogv gr qrw ehdu wkh hqylurqphqwdo srolf|/ rqo| upv ghflvlrqv duh dhfwhg1 Wkh zdjh fxuyh
grhv qrw pryh1
Lqwurgxflqj dq hqhuj| wd{ iru upv rqo| uhgxfhv wkh ghpdqg iru hqhuj| dqg wkhuhe| oderu surgxfwlylw|1
Lq wkh orqj uxq/ diwhu0wd{ zdjh lv uhgxfhg wr htxdol}h oderu surgxfwlylw| dqg zdjh frvwv1 Zrunhuv dffhsw
wklv lqfrph uhgxfwlrq ehfdxvh xqhpsor|phqw lqfuhdvhv1 Zkhq hqhuj| wd{ lv uhf|fohg lq d fxw lq oderu
wd{/ glhuhqfhv ehwzhhq oderu surgxfwlylw| dqg oderu frvwv fdq eh sduwldoo| rvhw1 Wklv rvhwwlqj zloo
ghshqg rq wkh jryhuqphqw fdsdflw| wr ohy| uhyhqxh1 Wklv lv wkh vr fdoohg wd{0exughq hhfw/ zklfk
ghqrwhv wkh hurvlrq ri wkh wd{ edvh1
Lw kdsshqv wkdw wkh hpsor|phqw fdqqrw lqfuhdvh zklfk vxfk d uhirup1 Wkh uhdvrq lv wkdw wklv uhirup
lqfuhdvhv surgxfwlrq frvw dqg uhgxfhv dfwlylw|1 Jlyhq frqvwdqw h{shqglwxuhv dqg d edodqfhg jryhuqphqw
exgjhw</ wkh oderu wd{ fxw fdqqrw pdnh xs iru wkh h{wud frvwv ehfdxvh ri wkh ghsuhvvlyh hhfw1 Wkh
hurvlrq hhfw ri wkh vfdo edvh +iru doo wd{hv/ lqfoxglqj wkh hqylurqphqwdo wd{hv, kdsshqv wr eh wrr
odujh1
Frqvlghu uvw wkh fdvh zkhuh wkhuh duh qr sulru hqylurqphqwdo wd{hv +e @ _ @ 3,1 Wkh uvw urz ri
Wdeoh 815 vkrzv wkdw xqhpsor|phqw lv qrw dhfwhg e| wkh uhirup1 Wkh fxw lq oderu wd{ h{dfwo| rvhwv
wkh dgyhuvh hhfw ri hqylurqphqwdo wd{1 Zlwkrxw sulru hqylurqphqwdo wd{hv wkhuh lv qr hurvlrq ri wkh
wd{ edvh1
Zkhq e dqg _ duh srvlwlyh/ wkh qhjdwlyh hhfw ri xqhpsor|phqw frphv derxw ehfdxvh wkh uhgxfwlrq
lq wkh oderu wd{ fdqqrw ixoo| frpshqvdwh upv iru wkh orvv lq oderu surgxfwlylw|1 Wkh hqylurqphqwdo
wd{ uhgxfhv hqhuj| ghpdqg iurp upv dqg uhgxfhv surwv +uhfdoo wkdw Iee dqg IZe duh srvlwlyh,1 Wkh
uhgxfwlrq lq upv* rzqhuv uhyhqxh uhgxfhv wkhlu hqhuj| frqvxpswlrq1 Wkhvh wzr hhfwv hurgh wkh wd{
edvh/ wkhuhiruh jryhuqphqw lv qrw deoh wr uhgxfh vx!flhqwo| oderu frvwv1
Wkh pdjqlwxgh ri wkh dgyhuvh hhfw rq wkh wd{ edvh ghshqgv rq wkh vl}h ri sulru hqhuj| wd{hv dqg wkh
jhqhudo htxloleulxp hodvwlflwlhv ri surw dqg hqhuj| ghpdqg wr wkh hqylurqphqwdo wd{ +Iee dqg IZe,1
Wkh kljkhu wkh hodvwlflwlhv/ wkh pruh hqhuj| ghpdqg dqg surw duh uhgxfhg1 Ilqdoo|/ wkh wd{ exughq
hhfw ghshqgv rq wkh vkduh ri hqhuj| frqvxpswlrq lq upv* rzqhuv ghflvlrq +,1
Sursrvlwlrq 9141 Zkhq hqylurqphqwdo srolf| ehduv rqo| rq upv/ xqhpsor|phqw fdqqrw eh uhgxfhg
zkdwhyhu wkh zdjh irupdwlrq dqg wkh frpshwlwlrq rq frqvxpswlrq jrrgv1
<Zkdw lv nhsw frqvwdqw lv sxeolf frqvxpswlrq dqg qrw sxeolf h{shqglwxuh dv lq Pduvloldql dqg Uhqvwuùp ^4<<:`1
Khqfh/ xqhpsor|phqw ehqhwv fdq ydu|1
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9151 Fdvh K= wkh hqylurqphqwdo srolf| ehduv rqo| rq krxvhkrogv +hwe @ 3,
Lq wklv vxevhfwlrq/ wkh srolf| ehduv rqo| rq krxvhkrogv/ +hwe @ 3,= Rxu dqdo|vlv zloo ehjlq zlwk wkh
edujdlqlqj prgho dqg frqvlghu diwhuzdugv wkh h!flhqf| zdjh fdvh1 Lq hdfk fdvh/ zh zloo glvwlqjxlvk
wkh glhuhqw lqgh{dwlrq uxohv ri xqhpsor|phqw ehqhwv suhvhqwhg lq vhfwlrq 61 Wklv uhirup prglhv
upv ghflvlrqv wkurxjk wkh fxw lq oderu wd{ dqg krxvhkrogv ghflvlrqv wkurxjk wkh zdjh irupdwlrq
phfkdqlvp1 Wkhq/ erwk sulflqj uxoh dqg zdjh fxuyh zloo pryh1
915141 Zdjh edujdlqlqj prgho +K @ 4> |_ @ 3,
Li zdjhv duh wkh rxwfrph ri d edujdlqlqj surfhvv ehwzhhq zrunhuv dqg upv/ Wdeoh 815 uhyhdov wkdw
wkh hodvwlflw| ri xqhpsor|phqw udwh wr ehqhwv lv xqlw| +K @ 4, dqg wkdw ri hqylurqphqwdo wd{ rq
krxvhkrog lv 3 +|_ @ 3,1 Lq wkdw fdvh/ hqylurqphqwdo srolf| lpsdfwv zdjh irupdwlrq rqo| wkurxjk wkh
lqgh{dwlrq ri xqhpsor|phqw ehqhwv1
Li xqhpsor|phqw ehqhwv duh shuihfwo| lqgh{hg wr frqvxphu sulfh +fdvh D/ l1h1 K| @  ,/ wkh phfkd0
qlvpv dw zrun lq vxfk d srolf| duh wkh iroorzlqj1 Wklv lqgh{dwlrq ixoo| frpshqvdwhv xqhpsor|hg iru
wkh orvv ri lqfrph1 Lw wkhq uhgxfhv zrunhuv lqfrph dv frpsduhg wr wkrvh ri xqhpsor|hg/ vwuhqjwkhqlqj
wkh edujdlqlqj srvlwlrq ri xqlrqv1 Lq wkh vkruw uxq/ zdjh fodlp sxvk xs diwhu0wd{ zdjhv1 Lq wkh orqj
uxq/ hpsor|phqw +dqg zdjhv, lqfuhdvhv li upv fdq eh ixoo| frpshqvdwhg iru wkh lqfuhdvh lq zdjh frvw
wkurxjk fxw lq oderu wd{1
Lq wkh devhqfh ri sulru hqylurqphqwdo wd{ rq krxvhkrogv +_ @ 3,/ uvw froxpq ri Wdeoh 915 uhyhdov
wkdw xqhpsor|phqw dozd|v ghfuhdvhv li surwv duh srvlwlyh/ khqfh li wkhuh lv lpshuihfw frpshwlwlrq rq
wkh jrrgv pdunhw1 Wkh jryhuqphqw lv deoh wr ixoo| frpshqvdwh upv iru zdjh fodlp ehfdxvh wd{ lv
qrw rqo| eruqh e| oderu exw dovr e| surwv1 Vr wkh wd{ edvh ri wkh hqylurqphqwdo wd{ lv odujhu wkdq
wkh edvh ri zdjh wd{1
Lq idfw wkhuh duh wzr rssrvlwh phfkdqlvpv= wkh wd{ vkliwlqj hhfw +zklfk lv uhsuhvhqwhg e| wkh uvw
whup lq vtxduh eudfnhw, zklfk vkliwv wkh exughq ri wd{dwlrq irup zrunhuv dqg xqhpsor|hg wr surwv /
dqg wkh wd{ exughq hhfw zklfk hurghv wkh wd{ edvh1 Wkh odwwhu lv dw zrun rqo| li sulru hqylurqphqwdo
wd{hv duh srvlwlyh1 Khqfh xqhpsor|phqw ghfuhdvhv rqo| li wkh iruphu hhfw lv juhdwhu wkdq wkh odwwhu1
Lw lv srvvleoh wr frpsxwh wkh wkuhvkrog ydoxh ri hqylurqphqwdo wd{ rq krxvhkrogv zklfk ohdyhv hpsor|0
phqw xqfkdqjhg1 Wklv fulwlfdo ydoxh lv ghqhg dv 
`
_ 1 Lw ghshqgv srvlwlyho| rq wkh vkduh ri surw
lq wkh hfrqrp| dqg wkhuhiruh rq wkh frpshwlwlrq ghjuhh1 Exw lw lv ghfuhdvlqj lq wkh lqgh{dwlrq uxoh
ri xqhpsor|phqw ehqhwv1 Lqghhg/ ixoo| frpshqvdwlqj wkh xqhpsor|hg iru srolf| kdv wzr rssrvlwh
hhfwv= uvw lw pdlqwdlqv xqhpsor|hg hqhuj| frqvxpswlrq vr wkh vfdo edvh/ exw lw kdv d qhjdwlyh
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Wdeohdx 915= Wd{ rq hqhuj| frqvxpswlrq ri krxvhkrogv lq d zdjh edujdlqlqj prgho
Fdvh D +K| @ , Fdvh E +K| @ 3,
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Fdvh D= Shuihfw lqgh{dwlrq ri wkh xqhpsor|phqw ehqhwv wr frqvxpswlrq sulfh
Fdvh E= Shuihfw lqgh{dwlrq ri wkh xqhpsor|phqw ehqhwv wr surgxfwlrq sulfh
Wkh vhfrqg froxpq ri Wdeoh 915 uhyhdov wkdw/ zkhq xqhpsor|phqw ehqhwv duh lqgh{hg wr surgxfwlrq
sulfh/ hpsor|phqw lqfuhdvhv xqdpeljxrxvo|1 Lq wkdw fdvh/ uhdo lqfrph ri xqhpsor|hg lv xqfkdqjhg
uhodwlyho| wr wkdw ri zrunhuv1 Khqfh zdjhv duh xqdhfwhg wkurxjk wkh edujdlqlqj surfhvv1 Wkh wd{
vkliwlqj hhfw lv dozd|v juhdwhu wkdq wkh wd{ exughq hhfw1 Lqghhg/ wkh exughq ri wd{dwlrq lv eruqh e|
doo djhqwv dqg wkh wd{ fxw ehqhwv rqo| wr zrunhuv1 Khqfh wkh edvh wd{ edvh ri wkh hqylurqphqwdo wd{
lv juhdwhu wkdq wkdw ri oderu wd{1 Wkh srvlwlyh hpsor|phqw hhfw frphv derxw ehfdxvh upv ehqhw
iurp fxw lq oderu wd{ zlwkrxw vxssruw zdjh fodlp +wkh zdjh fxuyh grhv qrw pryh uljkwzdug,1
Sursrvlwlrq 9151 D qhxwudo hqylurqphqwdo wd{ uhirup rq krxvhkrog zkhq zdjh irupdwlrq lv d edu0
jdlqlqj surfhvv dozd|v uhgxfhv xqhpsor|phqw li xqhpsor|phqw ehqhwv duh lqgh{hg wr surgxfwlrq
sulfh1 Li wkh uxoh ri lqgh{dwlrq lv wkh frqvxphu sulfh/ xqhpsor|phqw ghfuhdvhv rqo| li wkh surgxfw
pdunhw lv lpshuihfwo| frpshwlwlyh dqg li wkh lqlwldo wd{ udwh rq krxvhkrogv lv qrw wrr kljk1
915151 Wkh h!flhqf| zdjh prgho +3 ? K ?  hw 3 ? |_ ? 4,
Lq fdvh ri dq h!flhqf| zdjh prgho/ Vhfwlrq 6 vkrzhg wkdw zdjhv duh dozd|v dhfwhg e| hqylurqphqwdo
wd{ zkdwhyhu wkh uxoh ri lqgh{dwlrq ri xqhpsor|phqw ehqhwv +3 ? |_ ? 4,1 Lqghhg/ dq lqfuhdvh lq
wkh wd{ udwh dozd|v lqfuhdvhv wkh h{shfwhg xwlolw| ri vklunhuv1 Wkhuhiruh zdjhv qhhg wr eh sxvkhg xs
wr phhw wkh lqfhqwlyh frqvwudlqw1 Khqfh/ dq hpsor|phqw glylghqg lv ohvv olnho| wr rffxu1 Wdeoh 916
vkrzv wkh uhgxfhg irup ri xqhpsor|phqw/ diwhu0wd{ zdjh dqg surwv iru wkh zdjh h!flhqf| prgho1
Khuh/ frqwudu| wr wkh zdjh edujdlqlqj prgho/ dq h{rjhqrxv uhsodfhphqw udwlr dhfwv xqhpsor|phqw1
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Wdeohdx 916= Wd{ rq hqhuj| frqvxpswlrq ri krxvkrogv lq dq h!flhqf| zdjh prgho
Fdvh D +K| @ , Fdvh E +K| @ 3, Fdvh F
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Fdvh D= Shuihfw lqgh{dwlrq ri wkh xqhpsor|phqw ehqhwv wr frqvxpswlrq sulfh
Fdvh E= Shuihfw lqgh{dwlrq ri wkh xqhpsor|phqw ehqhwv wr surgxfwlrq sulfh
Fdvh F= h{rjhqrxv uhsodfhphqw udwh
Wdeoh 916 uhyhdov wkdw/ li xqhpsor|phqw ehqhwv duh lqgh{hg wr frqvxphu sulfh/ wkh xqhpsor|phqw
hhfw lv htxlydohqw wr wkdw ri wkh zdjh edujdlqlqj prgho1 Wkhq/ xqhpsor|phqw ghfuhdvhv li dqg rqo|






Wkh vhfrqg froxpq ri Wdeoh 916 +fdvh E, whoov xv wkdw xqhpsor|phqw ghshqgv rq wzr rssrvlwh hhfwv
dv lq fdvh D/ qdpho| wkh wd{ vkliwlqj hhfw dqg wkh wd{ exughq hhfw1 Wkh iruphu lv glhuhqw iurp
wkdw ri fdvh D1 Lqghhg/ li xqhpsor|phqw ehqhwv duh lqgh{hg wr surgxfwlrq sulfh/ wkh wd{ lv eruqh
e| upv* rzqhuv dqg xqhpsor|hg1 Khqfh/ wklv hhfw lv juhdwhu wkdq wkh rqh ri fdvh D +uhfdoo wkdw
|_ ? ,1 Wkhuhiruh/ dq hpsor|phqw glylghqg lv pruh olnho| wr rffxu exw dw wkh frvw ri ohvv htxlw|1
Wkh hqylurqphqwdo wd{ uhgxfhv uhdo lqfrph ri xqhpsor|hg1 Qhyhuwkhohvv/ wkh vhfrqg glylghqg lv qrw
dozd|v uhdfkhg/ dv lw ghshqgv rq wkh pdjqlwxgh ri wkh wd{ exughq1 Wkh fulwlfdo ydoxh ri wkh lqlwldo









Zkhq wkh uxoh ri lqgh{dwlrq lv dq h{rjhqrxv uhsodfhphqw udwh +fdvh F/ wklug froxpq ri wdeoh 916,/ wkh
phfkdqlvpv duh wkh vdph dv lq fdvh D/ exw wkh hhfw rq xqhpsor|phqw lv vpdoohu ehfdxvh wkh hhfwlyh
hodvwlflw| ri xqhpsor|phqw wr zdjhv lq wkdw fdvh lv  +4 K, ? 1 Qhyhuwkhohvv/ wkh fulwlfdo ydoxh






Sursrvlwlrq 9161 Zkhq zdjh irupdwlrq lv vhw dffruglqjo| wr wkh h!flhqf| zdjh wkhru|/ dq hpsor|0
phqw glylghqg fdq eh dfklhyhg rqo| li wkhuh lv wkh surgxfw pdunhw lv lpshuihfwo| frpshwlwlyh dqg li
wkh lqlwldo wd{ udwhv rq krxvhkrogv duh qrw wrr kljk1
9161 Fdvh W= wkh hqylurqphqwdo srolf| ehduv erwk rq upv dqg krxvhkrogv
Lq wklv vhfwlrq/ zh suhvhqw wkh fulwlfdo ydoxh ri lqlwldo hqylurqphqwdo wd{ udwh/ zkhq wkh uhirup ehduv
rq doo djhqwv1 Zh dvvxph khuh wkdw e @ _= Wkhvh fulwlfdo ydoxhv duh ghwdlohg lq Wdeoh 9171 Wkh| doo
duh vpdoohu wkdq wkrvh rewdlqhg zkhq rqo| krxvhkrogv ehdu wkh uhirup1 Lqghhg/ li upv duh wd{hg/
wkh| uhgxfh wkhlu hqhuj| ghpdqg/ lqfuhdvlqj wkh wd{ exughq hhfw1 Khqfh wkh vhfrqg glylghqg lv pruh
olnho| wr rffxu zkhq rqo| krxvhkrogv duh wd{hg1
Sursrvlwlrq 9171 Zkhq lqlwldoo| erwk upv dqg krxvhkrogv ehdu wkh vdph hqylurqphqwdo wd{hv/ dq
lqfuhdvh lq wklv frpprq wd{ udwh uhgxfhv wkh xqhpsor|phqw udwh/ li dqg rqo| li wkhuh lv lpshuihfw
frpshwlwlrq lq wkh surgxfw pdunhw dqg wkh lqlwldo wd{ udwh lv ehorz d wkuhvkrog udwh _ zklfk ghshqgv
rq wkh zdjh irupdwlrq prgho dqg rq wkh lqgh{dwlrq vfkhph ri wkh xqhpsor|phqw ehqhwv/ dv vkrzq
lq wkh iroorzlqj wdeoh1
Fruroodluh 9181 Lq wkh yhu| orqj uxq/ surwv ydqlvk/ dqg wkh vhfrqg glylghqg rffxuv rqo| li wkh wd{
lv vkliwhg wr xqhpsor|hg/ wkdw lv/ li xqhpsor|phqw ehqhwv duh lqgh{hg wr surgxfwlrq sulfh1
Wdeohdx 917= Ydoxhv ri 
W
_ ghshqglqj rq wkh zdjh ghwhplqdwlrq dqg wkh xqhpsor|phqw
ehqhwv lqgh{dwlrq uxoh
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Fdvh D= Shuihfw lqgh{dwlrq ri wkh xqhpsor|phqw ehqhwv wr frqvxpswlrq sulfh
Fdvh E= Shuihfw lqgh{dwlrq ri wkh xqhpsor|phqw ehqhwv wr surgxfwlrq sulfh
Fdvh F= h{rjhqrxv uhsodfhphqw udwh
:1 Wkh hqylurqphqwdo glylghqg
Zh dvvxphg srooxwlrq ehlqj jhqhudwhg e| wkh wrwdo hqhuj| frqvxpswlrq H/ zklfk lv wkh vxp ri
krxvhkrogv* frqvxpswlrq +H , dqg upv frqvxpswlrq +H ,/ G+H, vwdqglqj wkhq iru wkh srooxwlrq
glvxwlolw|1 Wkhuhiruh/ wkh vfdo uhirup zrxog ohdg dq hqylurqphqwdo glylghqg li dqg rqo| li hqhuj|
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frqvxpswlrq/ dqg wkhuhiruh joredo srooxwlrq ghfuhdvh1 Wkh uhodwlyh hqhuj| frqvxpswlrq fkdqjh hH






hHhH @ @  hH . +4 , hH dyhf  @ ..n.
:141 Fdvh I= wkh hqylurqphqwdo srolf| ehduv rqo| rq upv +hw_ @ 3,
Zh vkrzhg lq vhfwlrq 914 wkdw/ lq wklv fdvh zkhuh wkh upv ehdu dorqh wkh vfdo uhirup/ rqh fdq qrw
rewdlq dq| hpsor|phqw glylghqg1 \hw lw lv fohdu wkdw lq vxfk d fdvh/ wkh hqylurqphqwdo glylghqg pd| eh
xqdpeljxrxvo| rewdlqhg/ zkdwhyhu wkh zdjh ghwhuplqdwlrq dqg wkh lqgh{dwlrq ri wkh xqhpsor|phqw
ehqhwv zrxog eh1 Lqghhg/ wkh dgglwlrqdo hqylurqphqwdo wd{ ghfuhdvhv wkh hqhuj| frqvxpswlrq ri upv/
ghsuhvv wkh dfwlylw|/ lqfuhdvhv xqhpsor|phqw dqg wkxv uhgxfhv lqfrph dv zhoo dv hqhuj| frqvxpswlrq
ri wkh krxvhkrogv1
Sursrvlwlrq :141 Zkhq wkh hqylurqphqwdo vfdo uhirup ehduv rqo| rq upv/ wkhuh lv dq hqylurqphq0
wdo glylghqg lq dq| fdvh1
:151 Fdvh K= wkh hqylurqphqwdo srolf| ehduv rqo| rq krxvhkrogv +hwe @ 3,
Lq fdvhD/ zkhuh xqhpsor|phqw ehqhwv duh shuihfwo| lqgh{hg wr frqvxphu sulfh/ wkh edujdlqlqj prgho
dqg wkh h!flhqf| prgho uhvxow erwk lq wkh vdph htxdwlrq=
 hH @  4 lrl . k lrl .  4 ll Enww l
dyhf  @ Z  _ ^+4 ,r .Z`
Wkh qhfhvvdu| dqg vx!flhqw h{lvwhqfh frqglwlrq ri wkh hqylurqphqwdo glylghqg lv kdugo| uhdgdeoh1
Wkxv/ zh zloo olplw wkh glvfxvvlrq wr vx!flhqw frqglwlrqv iru srooxwlrq ghfuhdvh1 Dv  ? 4 hw lrl ? 4/
wkh uvw whup lv dozd|v qhjdwlyh1 Wkh hqylurqphqwdo glylghqg zloo eh rewdlqhg li wkh vhfrqg whup lv
dovr qhjdwlyh1 Wkh whup  lv srvlwlyh li dqg rqo| li
_ ?
Z
Z . +4 ,r
Wklv frqglwlrq lv wkh vdph wkdq wkh h{lvwhqfh frqglwlrq ri wkh hpsor|phqw glylghqg1 Ilqdoo|/ wkh whup























Lq fdvhE/ zkhq wkh xqhpsor|phqw ehqhwv duh lqgh{hg wr wkh djjuhjdwh sulfh lqgh{/ zh qhhg djdlq
wr glvwlqjxlvk ehwzhhq wkh zdjh ghwhuplqdwlrq prghov1 Lq wkh zdjh edujdlqlqj prgho/ wkh ghulyhg
frqglwlrq lv yhu| forvh wr wkh rqh zklfk zdv rewdlqhg lq fdvh D=
 hH @  .  +4 _,4  +4 . ,
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Hyhq wkrxjk wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv duh gl!fxow wr irupdoo| frpsduh/ rqh frxog wklqn
lqwxlwlyho| wkdw wkh hqylurqphqwdo glylghqg pljkw eh hdvlhu wr rewdlq zkhq wkh xqhpsor|phqw ehqhwv
duh lqgh{hg wr wkh djjuhjdwh surgxfwlrq sulfh udwkhu wkdq wr wkh frqvxpswlrq sulfh lqgh{1
Iru wkh h!flhqf| prgho/ wkh vx!flhqw h{lvwhqfh frqglwlrq iru wkh hqylurqphqwdo glylghqg wxuqv wr eh
h{dfwo| wkh vdph iru fdvh E dv iru fdvh D1 Lqghhg/ wkh uhodwlyh hqhuj| frqvxpswlrq fkdqjh hH zulwhv
dv=
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Khuh djdlq/ 

lv srvlwlyh li dqg rqo| li wkhuh lv dq hpsor|phqw glylghqg1
Lq fdvh F/ zkhuh wkh xqhpsor|phqw ehqhwv duh ghwhuplqhg e| dq h{rjhqrxv uhsodfhphqw udwh/ zh
vkrzhg dw vhfwlrq 8 wkdw wkh hpsor|phqw glylghqg fdq qrw eh rewdlqhg lq wkh zdjh edujdlqlqj fdvh1
Lq wklv fdvh e| frqwudvw/ lw lv hdv| wr vhh wkdw wkh hqylurqphqwdo glylghqg lv zduudqwhg iru doo lqlwldo
wd{ udwhv/ ehfdxvh
 hH @ r +4 ,
Lw zloo eh juhdwhu dv wkh lqfrph vkduh ri zrunhuv dqg xqhpsor|hg lv judwhu dqg wkh vxevwlwxwlrq
hodvwlflw| lv zhdnhu1
Ilqdoo|/ lq fdvh F iru wkh h!flhqf| zdjh prgho/ wkh uhodwlyh hqhuj| frqvxpswlrq fkdqjh hH zulwhv
dv=
















dyhf  @ Z  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,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Wklv olplw ydoxh lv ohvv wkdq lq fdvhv D hw E= wkh hqylurqphqwdo glylghqg zloo eh pruh gl!fxow wr
dfklhyh lq wkh fdvh ri dq h{rjhqrxv uhsodfhphqw udwh wkdq zkhq wkh xqhpsor|phqw ehqhwv duh lq0
gh{hg wr sulfhv1
Wkh :14 vxppdul}hv wkh vx!flhqw h{lvwhqfh frqglwlrqv ri d grxeoh glylghqg lq wkh glhuhqw fdvhv1
Wdeohdx :14= Ydoxhv ri  dqg _ ghshqglqj rq wkh zdjh ghwhplqdwlrq dqg wkh xqhpsor|0
phqw ehqhwv lqgh{dwlrq uxoh
Edujdlqlqj H!flhqf| zdjh





















5qg glylghqg li dqg rqo| li





















5qg glylghqg li dqg rqo| li











Fdvh D= Shuihfw lqgh{dwlrq ri wkh xqhpsor|phqw ehqhwv wr frqvxpswlrq sulfh
Fdvh E= Shuihfw lqgh{dwlrq ri wkh xqhpsor|phqw ehqhwv wr surgxfwlrq sulfh
Fdvh F= H{rjhqrxv uhsodfhphqw udwh
Sursrvlwlrq :151 Zkhq wkh hqylurqphqwdo vfdo uhirup ehduv rqo| rq upv/ lq doo fdvhv exw fdvh
F iru wkh edujdlqlqj prgho +zkhuh wkh uvw glylghqg zloo dozd|v eh rewdlqhg exw qhyhu wkh vhfrqg
rqh,/ rqh fdq vlpxowdqhrxvo| rewdlq dq hqylurqphqwdo glylghqg dqg dq hpsor|phqw rqh li wkh lqlwldo
hqylurqphqwdo wd{ udwh dqg wkh xqhpsor|phqw udwh duh orz hqrxjk1
5;
:161 Fdvh W= wkh hqylurqphqwdo srolf| ehduv erwk rq upv dqg krxvhkrogv
Lw lv fohdu wkdw/ zkhq wkh lqfuhdvh ri wkh hqylurqphqwdo wd{ ehduv rq krxvhkrogv dqg dovr rq upv/ wkh
hqylurqphqwdo glylghqg lv pruh olnho| ehfdxvh wkh upv ghfuhdvh wkhlu hqhuj| frqvxpswlrq/ wkurxjk
wkh vxevwlwxwlrq hhfw/ lq uhvsrqvh wr wkh ulvh lq wkh hqhuj| sulfh1
;1 Frqfoxglqj uhpdunv
Wklv sdshu dqdo|}hv wkh txhvwlrq zkhwkhu d uhyhqxh qhxwudo hqylurqphqwdo wd{ uhirup fdq |lhog ehqhwv
lq wkh irup ri dq hpsor|phqw jdlq/ zlwklq d jhqhudo htxloleulxp iudphzrun d od Eodqfkdug0Nl|rwdnl
^4<;:` iru ydulrxv qrq0frpshwlwlyh oderu0pdunhw vfhqdulrv1 Lpsruwdqw ihdwxuhv ri wkh prgho duh/ l,
krxvhkrogv dqg upv frqvxph srooxwlqj jrrgv> ll, upv duh prqrsrolvwlf frpshwlwruv> lll, xqhpsor|0
phqw lv gxh wr zdjh0edujdlqlqj surfhvv ru h!flhqf| zdjh prgho> dqg ly, wkuhh glhuhqw fkdudfwhulvwlfv
ri wkh xqhpsor|phqw ehqhwv duh frqvlghuhg +xqhpsor|phqw ehqhwv duh hlwkhu {hg lq uhdo whupv ru
lqgh{hg wr surgxfhu sulfh/ dqg {hg uhsodfhphqw udwlr,1 Uhvxowv fdq eh vxppdul}hg dv iroorzv1 Iluvw/
d uhyhqxh qhxwudo hqylurqphqwdo wd{ uhirup fdqqrw |lhog dq hpsor|phqw glylghqg li rqo| srooxwlqj
jrrgv frqvxphg e| upv duh wd{hg1 Wkh rqo| zd| wr rewdlq dq hpsor|phqw jdlq lv wr wd{ dw ohdvw
krxvhkrogv1 Lq wkdw fdvh/ d ghfuhdvh lq wkh xqhpsor|phqw udwh fdq eh rewdlqhg zlwk vxfk d uhirup
uhjdugohvv ri wkh qrq0frpshwlwlyh oderu0pdunhw vfhqdulr1 Vhfrqg/ wkh uhirup |lhogv d vhfrqg glylghqg
pruh hdvlo| li zdjhv duh qhjrwldwhg wkdq lq h!flhqf| zdjh prgho1 Wkh uhdvrq lv wkdw lq wkh h!flhqf|
prgho/ wkh hqylurqphqwdo wd{ dozd|v uhgxfhv wkh h{shfwhg xwlolw| ri hruw/ vr lqgxfh zrunhuv wr vklun
xqohvv zdjh lqfuhdvhv1 Ilqdoo|/ wkh pd{lpxp lqlwldo hqylurqphqwdo wd{ udwh ghshqgv rq wkh fkdudfwhu0
lvwlfv ri wkh xqhpsor|phqw ehqhwv1 Wkh pruh wkh ehqhwv duh lqgh{hg wr frqvxphu sulfh lqgh{/ wkh
vpdoohu wkh lqlwldo wd{ udwh wr rewdlq dq hpsor|phqw glylghqg1
<1 Uhihuhqfhv
Ed|lqglu0Xspdqq W1/ Udlwk P1J1 ^4<<:`/  Hqylurqphqwdo Wd{dwlrq dqg wkh Grxeoh Glylghqg= D
Gudzedfn iru d Uhyhqxh0Qhxwudo Wd{ Uhirup / Xqlyhuvlw| ri Elhohihog/ Lqvwlwxwh ri Pdwkhpdwlfdo
Hfrqrplfv Zrunlqj Sdshu/ q 5:71
Ehdxpdlv R1/ Jrgdug R1 ^4<<7`/  Ìfrqrplh/ furlvvdqfh hw hqylurqqhphqw1 Gh qrxyhoohv vwudwìjlhv srxu
gh qrxyhoohv uhodwlrqv / Uhyxh Ìfrqrpltxh/ 77/ Kruv0vìulh Survshfwlyhv hw uì h{lrqv vwudwìjltxhv ã
pr|hq whuph/ ss1 <380<491
Eodqfkdug R1 M1 hw Nl|rwdnl Q1 ^4<;:`/  Prqrsrolvwlf Frpshwlwlrq dqg wkh Hhfwv ri Djjuhjdwh
Ghpdqg / Dphulfdq Hfrqrplf Uhylhz/ yro1 ::/ Q 7/ ss1 97:09991
Eryhqehuj D1O1 ^4<<:`/  Hqylurqphqwdo Srolf|/ Glvwruwlrqdu| Oderxu Wd{dwlrq dqg Hpsor|phqw=
5<
Srooxwlrq Wd{hv dqg wkh Grxeoh Glylghqg / lq Fduudur F1/ Vlqlvfdofr G1/ Qhz Gluhfwlrqv lq wkh
Hfrqrplf Wkhru| ri wkh Hqylurqphqw/ Fdpeulgjh Xqlyhuvlw| Suhvv1
Eryhqehuj D1O1/ Jrxoghu O1K1 ^4<<9`/  Rswlpdo Hqylurqphqwdo Wd{dwlrq lq wkh Suhvhqfh ri Rwkhu
Wd{hv= Jhqhudo Htxloleulxp Dqdo|vlv / Dphulfdq Hfrqrplf Uhylhz/ ;9/ q 7/ ss1 <;8043331
Eryhqehuj D1O1/ gh Prrlm U1D1 ^4<<7d`/  Hqylurqphqwdo Ohylhv dqg Glvwruwlrqdu| Wd{dwlrq / Dphu0
lfdq Hfrqrplf Uhylhz/ ;7/ q 7/ ss1 43;8043;<1
Eryhqehuj D1O1/ gh Prrlm U1D1 ^4<<7e`/  Hqylurqphqwdo Wd{hv dqg Oderu0Pdunhw Glvwruwlrqv /
Hxurshdq Mrxuqdo ri Srolwlfdo Hfrqrp|/ 43/ ss1 98809;61
Eryhqehuj D1O1/ gh Prrlm U1D1 ^4<<9`/  Hqylurqphqwdo Wd{hv dqg wkh Grxeoh Glylghqg= wkh uroh ri
Idfwru vxevwlwxwlrq dqg Fdslwdo Prelolw| / lq Fduudur F1/ Vlqlvfdofr G1/ Hqylurqphqwdo Ilvfdo Uhirup
dqg Xqhpsor|phqw/ Noxzhu Dfdghplf Sxeolvkhuv/ Gruguhfkw1
Eryhqehuj D1O1/ gh Prrlm U1D1 ^4<<:`/  Hqylurqphqwdo Wd{ Uhirup dqg Hqgrjhqrxv Jurzwk /
Mrxuqdo ri Sxeolf Hfrqrplfv/ 96/ ss1 53:056:1
Eryhqehuj D1O1/ ydq ghu Sorhj I1 ^4<<7d`/  Hqylurqphqwdo Srolf|/ Sxeolf Ilqdqfh dqg wkh Oderxu
Pdunhw lq d Vhfrqg0Ehvw Zruog / Mrxuqdo ri Sxeolf Hfrqrplfv/ 88/ q 6/ ss1 67<06<31
Eryhqehuj hw ydq ghu Sorhj ^4<<7e`/  Juhhq Srolflhv dqg Sxeolf Ilqdqfh lq dq Rshq Hfrqrp| /
Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv/ <9/ ss1 67606961
Eryhqehuj D1O1/ ydq ghu Sorhj I1 ^4<<9`/  Rswlpdo Wd{dwlrq/ Sxeolf Jrrgv dqg Hqylurqphqwdo Srolf|
zlwk Lqyroxqwdu| Xqhpsor|phqw / Mrxuqdo ri Sxeolf Hfrqrplfv/ 95/ ss1 850;61
Euxqhoor ^4<<9`/  Oderu Pdunhw Lqvwlwxwlrqv dqg wkh Grxeoh Glylghqg K|srwkhvlv= Dq Dssolfdwlrq ri
wkh ZDUP Prgho / lq Fduudur F1/ Vlqlvfdofr G1/ Hqylurqphqwdo Ilvfdo Uhirup dqg Xqhpsor|phqw/
Noxzhu Dfdghplf Sxeolvkhuv/ Gruguhfkw1
Fdkxf S1 hw ]|oehuehuj D1 ^4<<9`/ Ìfrqrplh gx wudydlo= od irupdwlrq ghv vdodluhv hw ohv gìwhuplqdqwv
gx fk÷pdjh/ Gh Erhfn xqlyhuvlwì1
Gl{lw D1 hw Vwljolw} M1 ^4<::`/  Prqrsrolvwlf Frpshwlwlrq dqg RswlpxpSurgxfw Glyhuvlw| / Dphulfdq
Hfrqrplf Uhylhz/ yro1 9:/ ss1 5<:063;1
HF ^4<<5`/  Wkh Folpdwh Fkdqjh 0 Hfrqrplf Dvshfwv ri Olplwlqj FR2 Hplvvlrqv / Hxurshdq Hfrq0
rp|/ 851
HF ^4<<7`/  Wd{dwlrq/ Hpsor|phqw dqg Hqylurqphqw= D Ilvfdo Uhirup iru Uhgxflqj Xqhpsor|0
phqw / vwxg| q 6 lq Dqqxdo Hfrqrplf Uhsruw iru 4<<7/ Hxurshdq Hfrqrp|/ 891
Jrxoghu O1K1 ^4<<8`/  Hhfwv ri Fduerq Wd{hv lq dq Hfrqrp| zlwk Sulru Wd{ Glvwruwlrqv= Dq Lq0
whuwhpsrudo Jhqhudo Htxloleulxp Dqdo|vlv / Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw/
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5</ ss1 5:405<:1
Nrvnhod hw Vfkùe ^4<<<`/  Doohyldwlqj Xqhpsor|phqw= Wkh Fdvh iru Juhhq Wd{ Uhirupv / Hxurshdq
Hfrqrplf Uhylhz/ 76/ ss1 4:5604:791
Od|dug U1/ Qlfnhoo V1 M1 hw Mdfnpdq U1 ^4<<4`/ Xqhpsor|phqw/ R{irug Xqlyhuvlw| Suhvv1
Ohpldoh hw ]djdpì ^4<<;`/  Wd{dwlrq gh o*ìqhujlh/ h!flhqfh ìqhujìwltxh hw qrxyhoohv whfkqrorjlhv=
ohv hhwv pdfurìfrqrpltxhv srxu vl{ sd|v gh o*Xqlrq hxursìhqqh / lq Vfkxehuw N1 hw ]djdpì S1/
O*hqylurqqhphqw 0 Xqh qrxyhooh glphqvlrq gh o*dqdo|vh ìfrqrpltxh/ Yxlehuw/ Sdulv1
Pduvloldql hw Uhqvwuùp ^4<<:`/  Lpshuihfw Frpshwlwlrq/ Oderxu Pdunhw Glvwruwlrqv dqg wkh Grxeoh
Glylghqg K|srwkhvlv / Xqlyhuvlw| ri Eluplqjkdp/ Ghsduwphqw ri Hfrqrplfv Zrunlqj Sdshu/ q
<:0591
gh Prrlm U1 D1 ^4<<<`/ Hqylurqphqwdo Wd{dwlrq dqg wkh Grxeoh Glylghqg/ Noxzhu Dfdghplf Suhvv1
Qlfnhoo V1 hw Dqguhzv P1 ^4<;6`/  Xqlrqv/ Uhdo Zdjh dqg Hpsor|phqw lq Eulwdlq 4<840:< / R{irug
Hfrqrplf Sdshuv/ yro1 68/ vxssoìphqw/ ss1 4;605391
Rvzdog D1 M1 ^4<;8`/  Wkh Hfrqrplf Wkhru| ri Wudgh Xqlrq= dq Lqwurgxfwru| Vxuyh| / Vfdqglqdyldq
Mrxuqdo ri Hfrqrplfv/ yro1 ;:+5,/ ss49304<61
Shdufh G1Z1 ^4<<4`/  Wkh Uroh ri Fduerq Wd{hv lq Dgmxvwlqj Wr Joredo Zduplqj / Wkh Hfrqrplf
Mrxuqdo/ 434/ s1 <6;0<7;1
S ÿjhu P ^4<<:`/  Rq wkh Hpsor|phqw Hhfwv ri dq Hfrorjlfdo Wd{ Uhirup / suhvhqwhg dw 86h
Frqjuëv gh o*Lqvwlwxw Lqwhuqdwlrqdo gh Ilqdqfhv Sxeoltxhv/ Dxjxvw/ N|rwr/ Mdsrq1
Vkdslur F1 hw Vwljolw} M1 ^4<;7`/  Htxloleulxp Xqhpsor|phqw dv d Zrunhu Glvflsolqh Ghylfh / Dphu0
lfdq Hfrqrplf Uhylhz/ :7/ ss 76607771
Vfkqhlghu ^4<<:`/  Lqyroxqwdu| Xqhpsor|phqw dqg Hqylurqphqwdo Srolf|= Wkh Grxeoh Glylghqg
K|srwkhvlv / Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv/ <</ q 4/ ss1 7808<1
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